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Orthogonal ??????????????????????Hermite–Rodriguez ?????
?????? [6]????Hermite–Rodriguez???????????????????????
??????????????????????????????????????????
2?? Hermite—Rodriguez??????????????????????????????
Hermite–Rodriguez??????????????????????????????????
????????????????????????????????????????????
?? (Gegenbauer??)???????
Gegenbauer?????? Orthogonal ????????????????????????
????????????????????????????????????????????
1 ??
1.1 Orthogonal ???????????
? 1: Orthogonal ??????????? ([11]??)
???. ???? {Φi} ????????? y(x) ???????
y(x) ≈ yˆ(x) :=
N∑
i=1
ωˆiΦi(x).
??????????????????????????????
1.1.1 ??
• ??????
• ?????????????????
• ??????????????????????????????????????????
Hermite ????
• ????????????⇒ ????????????
• ????????????
• ????????????????????????????????????Lagrange,
Hermite ??/?????
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? 2: ([11] ??)
1.2 Hermitian ????????????????
1.2.1 ?? Hermitian ????????????
hn(t) =
Hn(t)e
−t2/2√
2nn!
√
pi
(Hermite ??);
Hn(t) = (−1)net2 dndtn e−t
2
(Hermite ???).
• ?? Hermite ????????????????????????
• ????????????????Hn+1(t) = 2tHn(t)− 2nHn−1(t)???????????
??????
• ???????????? [1, 2, 7] .
???Hermite ?????????????
• ??????????????
F(hn) = (−i)n
√
2pihn ⇒ F (yˆ) = N∑
j=1
ωˆj(−i)j
√
2pihj
 ;
• h0 ????????????
⇒ e−t2/2 ∗ y ≈ e−t2/2 ∗ yˆ =
N∑
i=1
ωˆi (hi ∗ h0)
1.2.2 ???????
?? Hermite ??????????????????????????????????????
????????????
y1 ∗ y2 ≈ yˆ1 ∗ yˆ2 =
N∑
i,j=1
a
(1)
i a
(2)
j (hi ∗ hj) .
??????????
(hi ∗ hj) (t) =
 (−1)
i+j
li−jj
(
t2
2
)
, t ≥ 0
li−jj
(
t2
2
)
, t < 0
(j ≤ i).
???????????
• ???????????????????????????????????????
• ?????????????????
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1.3 Hermite-Rodriguez ???????????
1.3.1 Hermite-Rodriguez ??
Hermite-Rodriguez ????????????????:
hri(t) =
hi(t)e
−t2/2
pi1/4
=
Hi(t)e
−t2
√
2ii!pi
.
Hermite-Rodriguez ??????????????????????????
(hri ∗ hrj) (t) =
√
(i+ j)!
2i+ji!j!
hri+j
(
t√
2
)
. (1.1)
Hermite-Rodriguez ???????????????????????????? [5]?
2 ???
?? 1 Reλ > 0,Reµ > 0,Re ν > 0???????????????
1∫
−1
1∫
−1
|s+ t|2ν(1− s2)λ− 12 (1− t2)µ− 12Cλℓ (s)Cµm(t)dsdt
=
(−ν) ℓ+m
2
(−1) ℓ+m2 pi 12 (2λ)ℓ(2µ)mΓ
(
λ+ 12
)
Γ
(
µ+ 12
)
Γ
(
ν + 12
)
Γ(λ+ µ+ 2ν + 1)
ℓ!m!Γ
(
λ+ ν + ℓ−m2 + 1
)
Γ
(
µ+ ν − ℓ−m2 + 1
)
Γ
(
λ+ µ+ ν + ℓ+m2 + 1
) . (2.1)
??? Cλℓ (s)? ℓ? Gegenbauer ??????????(y)n? Pochhammer??????????
????????
(y)n :=
Γ(y + n)
Γ(y)
= y(y + 1) · · · (y + n− 1).
2.1 ???? hierarchy
?? 1? ℓ = m = 0???????????????????
1∫
−1
1∫
−1
|s− t|2ν (1− s2)λ− 12 (1− t2)µ− 12 dsdt
=
pi
1
2Γ
(
λ+ 12
)
Γ
(
µ+ 12
)
Γ
(
ν + 12
)
Γ (λ+ µ+ 2ν + 1)
Γ (λ+ ν + 1)Γ (µ+ ν + 1)Γ (λ+ µ+ ν + 1)
. (2.2)
??????Warnaar [10]?Varchenko?Tarasov [9] ????? Selberg [8] ??????????
?????????????????????????????????????????????
???
2.2 ?? 1????
?????? 1 ????????????????????????????
????????????????????????? {Hn(x)}∞n=1??L2
(
R, e− x
2
2 dx
)
????
??????Gegenbauer??????????????:
Hn(x) = n! lim
λ→∞
λ−
n
2 Cλn
(
x√
λ
)
.
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Warnaar Tarasov-Varchenko Dotsenko-Fateev
?? 1 Selberg
3
2 2 2 2
ℓ = m = 0
(2.2)
4 4 3
3 3
? 3: ?? 1? ℓ = m = 0?????????????????????????????????
???????????????.
???????????
H0(x) = 1,
H1(x) = 2x,
H2(x) = 4x
2 − 2,
H3(x) = 8x
3 − 12x,
H4(x) = 16x
4 − 48x2 + 12.
?? 1???? µ/λ???????? λ, µ→∞ ??????????Gegenbauer???????
?????????????????????????????
? 2 Re ν > − 12 ??????? ν??? w?????ℓ+m?????????????????
??:
∞∫
−∞
∞∫
−∞
|x− wy|2νe−x2−y2Hℓ(x)Hm(y)dxdy
= (−ν) ℓ+m
2
(−1) ℓ−m2 2ℓ+mpi 12Γ
(
1
2
+ ν
)
(w2 + 1)ν−
ℓ+m
2 wm. (2.3)
? 2 ?????????????????????????? Mehta ?? (Fact 3) ?????
Hermite–Rodriguez ?????????? (Fact 4) ????????
Fact 3 (Mehta??, [6])
(2pi)−
k
2
∫
Rk
∏
1≤i<j≤k
|ti − tj |2γ exp
(
− |t|2 /2
)
dt =
k∏
j=1
Γ (1 + jγ)
Γ(1 + γ)
.
? 2 ???????????? w = 1, ℓ = m = 0 ???????Mehta?? [6] ? k = 2 ????
???
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? 2
w = 1
ℓ = m = 0
%-SS
SSSS
SSSS
SSSS
SSSS
SSSS
SSSS
SSSS
SSSS
SS
Mehta??
k = 2
px iiii
iiii
iiii
iiii
i
iiii
iiii
iiii
iiii
i
∞∫
−∞
∞∫
−∞
|x− y|2ν e−x2−y2dxdy =???????
???? 2 ???????????? s = x− y???????w = 1?????????????
??????Mellin?????????
Fact 4 ([3, (18)]) Hermite–Rodriguez ?? [12]
wλ,n(t) :=
1√
2nn!
1√
piλ
Hn
(
t
λ
)
e−
t2
λ2 , λ > 0
???????????????????
wλ,n ∗ wλ,k(t) =
√
(n+ k)!
2n+kn!k!
w√2λ,n+k(t). (2.4)
????????????????????????????????????????????
?????
3 ??
???????????????????????????????????????
????
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